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Euler Equations of Motion for a Rigid Body

restart;

alias( 1=, psi=psi(t), theta=theta(t), phi=phi(t),
Orega[ x] =Orega[ x] (t), Orega[y]=Omega[y](t), Onrega[z]=0vegalz](t),
Orega[ phi ] =Orega[ phi] (t), Orega[psi]=0Oregalpsi](t),

L Orega[ t het a] =Orega[theta] (t) ):

In the frame of reference attached to the rotating body (the body frame), the equations of motion
are

Eul er Egs : = mat (
I[x]*diff(Qrega[x],t) + (I[z]-1[y])*Oregaly]*Qregalz] - K[x],
I[y]*diff(Qregaly],t) + (I[x]-1[z])*Oregalx]*Oregalz] - K[y],
I[z]*diff(Qrega[z],t) + (I[y]-1[x])*Orega[x]*Qregaly] - K[z] );
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[ | at ex( Eul er Eqs, ~d: /dynam cs/ precessi on/ Eul erEgs. tex’);
where IX, Iy, |Z are the principal moments of inertia of the body, WX, Wy, WZ are the angular

velocities of the body about the principal axes, and KX, K, KZ are the components of the torque
| acting on the body.

Eulerian Angle Transformation

Rotation Matrix
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Construct arotation matrix that transforms coordinates from the fixed frame (X,Y,Z) to the
| body frame (x,y,z). First, rotate the coordinates ccw around the Z axis.

rl := matrix([[cos(phi),sin(phi),O0],[-sin(phi),cos(phi),0],[0,0,1]1]);

gcos(f) sin(f) OH
rl:= gsin(f) cos(f ) OH
€ 0 0 1u

[ Next, rotate ccw around the X' axis.

r2 :=mtrix( [ [1,0,0], [0,cos(psi),sin(psi)], [0,-sin(psi),cos(psi)] 1 );
gl 0 0
r2 .= 80 cos(y) sin(y)
L &€ -sin(y) cos(y)u
[ Next, rotate ccw around the Z" axis.

r3 .=
matri x([[cos(theta),sin(theta),0],[-sin(theta),cos(theta),0],[0,0,1]]);

g

gcos(q) sin(q) Od
r3 ::gsin(q) cos(q) OH
e 0 0 1u

[ Now combine the rotations into a single rotation matrix.

R:=(p,q,r)->eval m( subs( theta=r, eval (r3) ) &
subs( psi=q, eval (r2) ) &*
L subs( phi =p, eval (rl) ) ):

[ Hence, we have the coordinate transformation

mat (x,Yy,z) = R(phi,psi,theta) & mat(X Y, 2);

(DD
cCCCco

X
y
z
[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) +sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,

cos(q) sin(y )]
éxu
[sin(y ) sin(f ), -sin(y ) cos(f ) , cos(y )] &* £ Y
éZu

[ latex(", d:/dynam cs/ precessi on/ Fi xedToBody.tex );

[ which, written out, is

evaln( " );

(cos(q) cos(f ) - sin(q) cos(y ) sin(f )) X + (cos(q) sin(f ) +sin(q) cos(y ) cos(f )) Y
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+sin(q) sin(y ) Z]
[(-sin(q) cos(f) - cos(q) cos(y ) sin(f )) X+ (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) Y
+cos(q) sin(y ) Z]
! [sin(y ) sin(f) X - sin(y ) cos(f)Y +cos(y ) Z]
The diagram below illustrates the three rotations.

Z

Figure 1

X

L R(J Y sQ) = Rz(Q) Rx(y ) Rz(j )
Angular Velocity Vector in the Body Frame

The angular velocity vector may be decomposed into components along each of the rotation
axes used to construct the transformation matrix. If we transform those componentsto the
body frame, then we can express the angular velocity vector in the body frame in terms of the

Euler angles (f, y, g). The component of Walong the first rotation axis, as viewed in the body
frame, is

| onega[phi] := eval M R(0, psi,theta) & mat( 0, 0, 1)) * diff(phi,t);
gsin(q) sin(y )u

w = o) sy )HE.
€ cos(y) u

[ The component along the Y* axisis, in the body frame,

(orrega[psi] = eval (R(0,0,theta) & mat( 1, 0, 0 )) * diff(psi,t);

H-O

—
Q
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w o gnsm(q)ﬁ?iyg
Vg g Hem e
[ Finally, the component along the Z" axisis ssmply
onega[theta] :=mat( O, 0, 1) * diff(theta,t);
o0 .
vy~ ALl
L e 1u
[ Hence, we have the angular velocity vector in the body frame,

Onega = mat (

eval n(onega[ phi])[1, 1] +eval n{onega[ psi])[ 1, 1] +teval m(onega[theta])[1, 1],
eval n(onega[ phi])[ 2, 1] +eval m{onega[ psi])[ 2, 1] +teval m(onega[theta] )[ 2, 1],
eval n(onega[ phi])[ 3, 1] +eval n{onega[ psi])[ 3, 1] +teval m(onega[theta] )[3,1] );

f gSln(OI) sin(y ) +g—y COS(OI)

W= gfgcosm)sn(y) g."ty sm(q)

gﬁf Qi’cos(y ) + gﬁ q;

[ | atex(", " d:/dynamni cs/ precessi on/ OnegaBodyFrane.tex");
[ Qobody := rhs("):

o
: |
g

COCCCCCCCCooCy

Rigid Body Equations — General Case

Equations of Motion

[ Substituting back into the Euler equations, we find

subs( Omrega[ x] =Gbody[ 1, 1], Oregal y] =hody| 2, 1],
Onegal z] =Obody|[ 3, 1], eval (Eul erEqgs) );

§'x§é—”§§—ﬂtf %s‘n(q) sin(y ) +§%y %cos(q)gg

+(1_ -1 f gaaen_ 9 % K ;
(1, y)ggﬂt gCOS(q)sn(y) g."ty sn(q)a Bt 500+ gﬂtq——- «
o o | ¢ . 0. 00
élygﬁ gﬁfgcos(q)sn(y)- gﬁy $sn(q)¥
ad o (oF < | Ie) u
(1, 1,) 88 ;sn(q)sn(ng—y cs(q);ggt Zcos(y ) + gﬂtq:- K,
o el 000
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+(1 -1 —f0 +aeﬂ_ 2 Tee_f= A
(- L) g T asin(a)sinly ) + oy Scos(a)SE€L T 2cox(a) sinly ) - € y 2 (q)E;
KU
- ZH
[foo =t
eql := collect( foo[l,1]/1[xX],
[diff(psi,t,t),diff(phi,t,t),sin(theta),cos(theta),sin(psi),diff],
factor );
aqﬂz 0 2 0
eqL.: —%—2 Foos(q) + &1 Zsin(a) sn(y)
it~ o ™ o
® ot ¢ &L, o oo
cos(y)(l I+I)g‘nt ;a‘nth (|x+|z Iy) tyag‘ﬂtqai_
+ , , Zsin(q)
X X 2
2 o @ & o 0o
(IZ-Iy)cos(y)gﬂth (I +| Iy)gﬂtngﬂthf Kx
+ , + , Zsin(y ) cos(q) -
L X X 2 x
7eq2 = collect( foo[2,1]/1]y],
[diff(psi,t,t),diff(phi,t,t),sin(theta),cos(theta),sin(psi),diff],
factor );
aanz 0 2 0
oq2:=-§ Y ;sn(q)+§—2f_cos(q)sn(y)
it~ o " o
2 o @ o o0 00
(I - )cos(y)gﬂtfa (- | +| - Iz)gﬂtqﬂgﬂtfﬂ
+ , + | Zsin(y ) sin(q)
y y 2
@ o o ¢ o oo 00
cos(y)(l |+|y) tyB thJ (-1 +|X-IZ) ty gﬂtq K
+ | + , “cox(q) -
L y y 2 y

aee]|

oaaaTo

eq3 := collect( cosfix(foo[3,1]/1[z],theta),
[diff(theta,t,t),diff(phi,t,t),sin(psi),diff,sin],
factor );
iy ) Lo @ 2
2 6 @m2 ¢ (-1, +1,) cos(a) sin(a) g =" sin(y )
eq3 =§—2q; g—z ;COS(y) :
it~ o en” o z
& : 2 0
(-1 +1)sin(q) | +1 Iy:aaT oa
+€2 Sy e 2eny)
I Teft” ogevt
z z [}



(- I +1 )COS(q)sn(q) y

—+ . —
| |
z z

o
QIIR)

MDD
—a
—

[ BodyEqs : = [eql, eq2, eq3]:
[ | at ex(BodyEgs, "~ d: /dynam cs/ precessi on/ Ri gi dBodyEqs.tex");
mat ( BodyEQs) ;

2 0 2 0

eg—y cos(q)+§—2f sin() sin(y)
e‘ﬂt @ M o
& 0gl O o o 09
cosly) (-, I)g‘ﬂt z'ntfra (et ) B Y 58t 957
* | | —sm(q)
X X @
3 o @ & oaf 00
(I I )cos(y gﬁf; (1 +1 Iy) —tqzﬁ ;: Kx
+ | + | +sin(y ) cos(q) T
X X ] X
é
g2 ¢ 2.9
§'§_2 Zsin(q) + E_Z Zcos(q) sin(y )
eeft” @ it o
& o @ o Oaef 00
(I | )cos(y)gﬁf; (-|y+|X- Iz) ﬁqﬂ it ﬂ
+ | + | :sm(y)sm(q)
y y a
& o ol 0 & o 00
cosly) (1, - |+Iy)gﬂty6 ‘nth; Clorh- 185 g‘ﬂtq
* | * | —COS(C])-
y y a
¢ R I e
3853”2 9 6E:"2 0 ( y X)COS(Q)SW\(OI)E.”t p sin(y)
8§_2 qI+ E—Zf zcos(y ) :
ceNt” o &N° o z
® . 2 o)
g (-Iy+lx)sn(q) IX+IZ- IyEaﬂT o 6
T2 - Y EECfEsin(y)
| et gevt
VA zZ %)

@
(-1, +1,) co(a) sin(a) ke v & _

|
z

+

N | Nx
[t o i
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# Torqgue in the Body Frame
[# Conversion to a System of First-Order ODEs

Rigid Body Equations — Symmetric Top

General Case

Equations of Motion
[ SyniTop : = subs( I[x]=ITy], I[y]l=I[xy], [eql, eqg2,eq3] );

e
fg2 0 2.0
SymTop :=8§—2yicos<q)+ ~—f Zsin(q) sin(y)
&&M° o M o
Y 21,7 ! 90 o 22
cos(y ) ( )gﬂt ﬂgﬂt z Zg‘ﬂt zg‘ﬂtq_
+ | £sin(q)
Xy Xy a
e oo 2 o O 00
(l )cos(y) ﬂthI IZ ﬂtqagﬂtfai_ KX aiTZ
+ | : “sin(y ) cos(@) - 7 - % y sin(a)
Xy Xy a xy &1t o
& =2l 92 o oo
&° 9 gy 1) ooy ) G 15 Zg‘ﬂt i
+§—2 os@) sty )+ | : “sin(y) sin(q)
n o Xy Xy o}
e Ol 0 & 0 00
§Cos(y)( )g‘ﬂt sent o '2&nY &y U5t K
+§ | - Lcos(q) - T
Xy Xy o} Xy
u
. u
?— 9 ?—Zfocosw) o 'n(y)gﬂ—yg EH
: = =- u
ﬂtz p ﬂtz P It z M o | H

7CO||eCt( sinplify( Symrop[1], {1-1[z]/I[xy]=beta}, [I[z]] ).

[diff(psi,t,t),diff(phi,t,t),sin(theta),cos(theta),sin(psi),diff],

factor );
2 0 2 0
g—zy;cosmw —Zf;s:n(q)s:nw)
Tt o it o

s ) aeﬂ_ 9 o o ot')
+§C°S(y)(l+b)gﬂtyagﬂt - +(-1+ b)gﬂtyggﬂt sin(q)

Page 7



K
S o @ & O 00
+g-bcos(y)gﬁf§ +(1- b)gﬁqggﬁfggsn(y)cos(q)- I_
Xy
col lect( sinplify( SymTop[2], {1-1[z]/1[xy]=beta}, [I[z]] ),

[diff(psi,t,t),diff(phi,t,t),sin(theta),cos(theta),sin(psi),diff],
factor );

0 2 o]

2
E v sn(q)+§—2f £cos(q) sin(y )
" o ‘Ht
% I f O
+gb cos(y)gﬂtfa +(-1+b)gﬂtqagﬂtfEasn(y)sn(q)

K
&

o ol o %
+g009(y)(1+b)gﬂty5gﬂtfg(l )gﬂt ggﬂtq cos(q) - Xy

CollectDiffs(sinplify( SymTop[3], {1-1[z]/I[xy]=beta}, [I[z]] ));

2 0 2 0 .
g—q: E_f Soos(y ) - o f2sin(y ) oy B4
ﬂtz 5 ."tz p It o Mt” o IXy(-1+b)
7Synﬂop T e I

AT T
SymTop := gé—zy zcos(q) + _Zf zsin(q) sin(y )

et~ o " o

+Goosty) (1+0) &y 3 13 (-1 )gﬂt 2 aZsin(a)
K 2 0

X
+gbCOS(Y)g_f— (1- b)gﬂt ﬁg‘ﬂt EB in(y ) cos(q) - Ixy gﬂtz y Zsin(q)

Q-I

69112 9 o @ o oo 66
+§—2fzcos(q)sin(y)+§laocos(y)gﬁfg +(-1+b)gﬁq§gﬁf%%sin(y)sin(q)
" o
K
o o o 60
+gc09(y)(1+b) tyagﬂtfgﬂl )gﬂtyﬁgﬂtq—— 0(q) - Xy

R

7Iatex( Synirop[ 1], ‘d:/dynanics/precession/Sanopl.tex‘
| at ex( SymrTop[2], "d:/dynam cs/precession/ SyniTop2.tex’
L latex( Symrop[3], " d:/dynanics/precession/ SyniTop3.tex"

Conver3|on to a System of First-Order ODEs

AR 0, o 4
o b o B B B

— N —
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| We may write the equations of motion as a system of first-order differential equations.

7subs|ist = [ diff(phi,t)=0Onega[phi], diff(psi,t)=0Oregalpsi],
diff(theta,t)=0Orega[theta] ];

subslist'—glf—w 1 =W ,— —wﬂ
Tet ) Ty et b

[subs( subslist, SynTop ):

sol ve( {op(")},
{diff(Omega[phi],t), diff(Omega[psi],t), diff(Orega[theta],t)} ):

collect( ", [I[xy],Orega[psi],sin(psi),Onmega[theta]], factor );

)

l .

ilw _ ((1- b)Wq- COS(y)W]c (1+b))Wy . KXSIn(Q)+COS(Q)Ky

e f sin(y ) sin(y ) |

] Xy
1W —a% W2+ 1+b WWQ' +-K Si“(Q)J’COS(Q)KX EW—
it y—g cos(y ) ; (- ) q fbsm(y) Ixy e
® (-1+b)cos(y)Wq+(1+b)V\/fQ

-W, bsi + W
§ | bsin(y) W

sin(y )

K, (K, sin(q) +cos(q) K ) cos(y )

}.j
- - )
-1+b sin(y ) ¥

1

|Xy

+

o

[foo ="

[select( has, foo, diff(Orega[phi],t) ):

[collect( op(")*sin(psi), [I[xy],Orega[psi], Orega[theta]], factor ):
[foo = foo minus "" union {"}:

[select( has, foo, diff(Orega[theta],t) ):

collect( sinfix(op(")*sin(psi),psi),
L [1[xy], Orega[ psi], Onega[phi], K z]], factor ):

foo := foo mnus "" union {"};
1
1
I
f00'=£sin(y)aaT—W gz((cos(y)2b+1)W +(-1+Db)cos(y)W )W
' I g‘ﬂt g f q’ 'y
sin(y)KZ
“1+p (K, sin(q) +cos(q) Ky) cos(y )

I
Xy
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ﬂ ® 2 0 'Kys.n(Q)"'COS(Q) KX
W =gbcos(y)V\/f +(-1+b)WqV\lfgsm(y)+

ity by

:
in(y ) Bl w22 ((1- by w W, (L+Db)) W @)+ coXa) Ky
sn(y) oy W 2= ((1- D)W, - cosly )W, (1+b)) W + B

FirstOrder ODESK : = [

di ff(phi,t)=0Orega[ phi],

di ff(psi,t)=0rega[ psi],

di ff(phi,t)=0Orega[ phi],

op(sel ect (has, foo, di ff(Orega[phi],t))),
op(sel ect(has, foo,di ff(Orega[psi].t))),
op(sel ect(has, foo,diff(Orega[theta],t)))

¥DIDIDIDID-

=

f=w, 1y=w T _w

FirstOrderODEsK := , , )
fqt y' it f

DM
=

K, sin(q) + cos(q) Ky
I
Xy

q ® 2 . -K sin(q) + cos(q) KX

0.
ﬁwy :gbcos(y)V\/f +(-1+b)WqV\/]c Bsm(y)+

Sin(y)?ﬁwfl%:((l- b)Wq- cos(y ) W, (1+b))Wy +

|

Xy
Jdo

sin(y ) K,

“orp " (Kysn(a) +oos(a) K ) cosly)

I
L Xy

7Iatex(nat(FirstC)derCDEsK),‘d:/dynanics/precession/FirstC)derCDEsK.tex‘)

: & 0 2
S'n(y)gﬁw == ((cos(y )" b +1) W, +(-1+b)COS(y)Wq)Wy

+

o w n wn

Torques in the body frame

mat (K[x],K[y],K[z]) = r*cross( vec(0,0,1),
R(phi, psi,theta) & vec(F[X],F[Y],F[Z])

~

A
>

r[-(-sin(q) cos(f) - cos(q) cos(y ) sin(f)) F,

(DDDDDDDD
X<7<
o ] o

N

- (-sin(q) sin(f ) + cos(q) cos(y ) cos(f)) F,, - cos(q) sin(y ) F,
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E

i
[
{

[
[

|

(cos(q) cos(f ) - sin(q) cos(y ) sin(f)) F, + (cos(q) sin(f ) +sin(q) cos(y ) cos(f)) F,,
+sin(q) sin(y ) F,, 0]
where [ FX’ FY, FZ] isthe force vector in the fixed frame, and the effective moment arm of
the force lies along the body symmetry axis (factor r).
cross( vec(0,0,1), R(phi,psi,theta) & vec(F[X],F[Y],F[Z]) );

[-(-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) F,
- (-sin(q) sin(f) + cos(q) cos(y ) cos(f )) F, - cos(q) sin(y ) .,
(cos(q) cos(f ) - sin(q) cos(y ) sin(f)) F, + (cos(q) sin(f ) +sin(q) cos(y ) cos(f)) F,,
+sin(g) sin(y ) F, 0]
col l ect ( convert(",list), [F[X,F[Y],F[2]], factor );
[(sin(q) cos(f ) + cos(q) cos(y ) sin(f)) Fy + (sin(q) sin(f ) - cos(q) cos(y ) cos(f )) F,
- cos(q) sin(y ) F, (cos(q) cos(f ) - sin(q) cos(y ) sin(f)) Fy
+ (cos(q) sin(f ) +sin(q) cos(y ) cos(f)) FY +sin(qg) sin(y ) FZ’ 0]

torque : ="
mat (K[ x],K[y],K[z]) = r*mat (op(torque));

A
>

u
u
U
u r
u
u
u

(DD
A <7§

N

[(sin(q) cos(f) + cos(q) cos(y ) sin(f )) F, +(sin(q) sin(f) - cos(q) cos(y ) cos(f )) F,,
- cos(q) sin(y ) F. ]
[(cos(q) cos(f) - sin(q) cos(y ) sin(f )) F, + (cos(q) sin(f ) +sin(q) cos(y ) cos(f )) F,
+sin(q) sin(y ) F. ]
[0]

latex(", d:/dynanics/ precessi on/t or quesF. tex');

The first-order equations of motion become

foo := subs( K[x]=torque[l], Kly]=torque[2], K[z]=torque[3],
FirstOrder ODESK ):

collect( foo[4], [I[xy], Onega[psi], Orega[theta]], factor ):
ternfunc( ", sinplify ):
collect( ", [I[xy],Orega[psi],Orega[theta]], factor );
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FX cos(f ) +sin(f) FY

I
Xy

oy B S (1 by -
Sn(y)gﬂtV\ll‘E_((l b)Wq cos(y)V\/f(1+b))Wy+

[foo[4] ="

[collect( foo[5], [I[xy], Orega[psi], Orega[phi],K[z]], factor ):

_ternfunc( ", sinplify ):

collect( ", [I[xy],sin(psi),cos(psi)], factor );

11W —ab W2 1 bWWQ'
=gb costy )W, "+ (-1 +b) W W Zsin(y )

Tty
-Fsin(y ) + (Fy sin(f) - F, cos(f)) cos(y )
+
L IXy
[ foo[5] := "

[collect( foo[6], [I[xy], Onegalpsi], Onega[phi], K z]], factor ):
[term‘unc( ", simplify ):

collect( ", [I[xy], Oregalpsi], Orega[phi], K z]], factor );
<
Y ) e Vo5

cos(y)(Fxcos(f)+sin(f)FY)

((cos(y )b+ 1) W, +(-1+b) cos(y ) W) W, -

L Xy
[foo[G] ="
Fi rst Order ODEsF : = f oo0;
FirstOrderODEsF '—gif =W, 1 =W 1f:W
Tene ) Ty T
i aaT—W 9— 1-b)W W, (1+b))W +IZ)<COS(f)+S|n(f)FY 1W
sin(y) e W 2= (1 b) W, - cos(y ) W (1+b)) W, , %

Xy

_® 2 [

= gb cos(y ) W, +(-1+b)WqV\/stm(y)
-Fzsin(y)+(FXsin(f)-FYcos(f))cos(y) . 9 6
+ 'Xy ,sm(y)gﬂtwqa—

cos(y)(Fx cos(f) +sin(f) FY) ¥
((cos(y )b+ 1) W, +(-1+b) cos(y ) W) W_ - |

I a vy Xy

[ where the force components have been multiplied by the moment armr.

( | at ex(mat (First Order ODESF), “d: /dynam cs/ precessi on/ Fi rst Or der ODESF. tex’)

CICCCC
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L L L
Force-Free Motion of a Symmetric Top

| FFSymlop : = subs( K[x]=0, K[y]=0, K[z]=0, Syniop );

éxr2 0 2 0
FFSymTop := ggﬂ—zy Tcos(q) + gﬂ—zf Zsin(q) sin(y )
eaNnt” o it~ o

e & ol 0 o
+gcos(y)(1+b)gﬂty5gﬂt P t1s b)g‘ﬂt ﬂg‘ﬂtq_ n(a)

2. e A
ooy § 12 + (1 0)§ sk f Zhsiny) cos(a).- 27 3
i
+ELt Looa) sinty )+ costy) 12+ (14 b)gﬂt 2 1 Zesin(y ) sin(a)
It o

el o 0
+gcos(y)(1+b)gﬂty5gﬂtfg (-1+ )g‘ﬂt ﬂg‘ﬂt cos(q),
?2 0 6%12 o

_+ — f cos(y ) - sin(y )
‘ﬂt2 p .ﬂtz p g‘ﬂ fa g‘ﬂt

c%«l—_'&:

[ We notice that the third equation,
FFSymrop[ 3] ;

6%12 2

0
Qi+§
g‘ﬂt2 7] ‘Ht2
[ can be written as

"diff(diff(phi,t)*cos(psi)+diff(theta,t),t)' = FFSymTop[3];

0

= & 0 o o
fcos(y)- §_fZsin(y)g_y=
eos(y) - Gy (550 ooy

2 0 2 0

Tz o 00_&1° 2 &° o B0
‘ﬂtgg‘ﬂt p cos(y ) * gﬂtq_—gﬁZqE’ Eﬂtzfgcos(y) g‘ﬂt é; n(y)gﬂtya

rhs(")-lhs(");

[ Hence,
di ff(phi,t)*cos(psi)+diff(theta,t) = const;

= 0 & 0
i gﬂtfacos(y)+g‘ITt = const

Thisisthe projection of the angular velocity onto the symmetry axis. Recall the components
| of Win the body frame:
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mat ( Onrega[ x], Omega[y], Omega[z] ) = eval (Cbody);
§ fx sm(q)sn(y)+g—y cos(q)
gﬂﬂtf =cos(q) sin(y ) - gﬂty—sn(q)
: gﬂtfgcos(ngﬁq;

We see that the angular velocity about the symmetry axis, Wz’ is a constant of the motion. We

(DDIDDIDIDIDID
LS
o
1
o 1y e g

| also have conservation of energy,
KE 1= E = 1/ 2* (I [ x] *Orega[ x] ~2+l [ y] *Oregal[ y] ~2+I [ z] *Orega[ z] *2) ;

1 2 1 2 1 2
KE:=E=-I W +=-I W +-I W
2X X 2y'y 27 1z

[ Substituting the components of Win terms of the Euler angles, we have
| KE := coll ect( subs( Orega[ x] =Qbody[ 1, 1], Orega[y]=Cbody|[ 2, 1],
Onegal z] =body[ 3, 1], KE ), [diff,sin(psi)], factor );
KE:=E=ggZI +1I = +1I = 92
G, 1, costa)?+ 1 sn(q)?2sin(y )2 +31 cos(y )? %m :
&l
2 &gt 1

1
5| COS(Q) +5! Sln(OI) ‘gﬂt

+

ooty ) sl (@) (-1, 1) ) By 26 1501 By

Qo‘<

+

‘D“”ﬁi >R

subslist := [diff(psi,t) = Orega[psi],diff(phi,t) =
Onega[phi],diff(theta,t) = Orega[theta]];

e ‘IT B 1
I subshst—@-y W ‘Ht V\/f 'ﬂtq q

KE : = subs(subslist,I[x]=I[y],I[y]=I[xy],KE);
KE'-E-aa%I co +}I sin 2Qsin 2+1I CO! 29W2+I W_ co W,
=E=gE 1 e oL (q)a (y)7+51,008(y ) ZW ™ +1 W co(y ) Wy
1I W2 2QWZ
2 g xycos(q) 2 xysn(q) 5y

KE := collect( sinmplify(KE/I[xy]),
[ Onegal phi ], Orega[ psi], Orega[theta],I[xy]], sinplify );

& | cos(y )22 | W_cos(y )W, w2
E 11 2 17z + 2 zq f 1 2 17z ¢
KE :=— =&~ =cog(y )° + = ————=W, "+ +SW TS
| 82 2 > | £ | 27y 2 |
Xy Xy @ Xy Xy

=l Steady Precession Solution
[ Suppose we look for asolution such that y is constant. Then we have
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eval ( subs( diff(psi,t)=0, FFSynlop ) );

éxr?2 0O . .
AN IS - -
é%ﬂtzfjsn(q)sn<y)+g-bcos(y)gﬂtf5 *(1-b) g azk fasin(y) cox(a),

—ng i +8El)3 8é”—f92+ 1+b sl gzﬂ—f@ i

2 1%cos(ou)sm(y) §b cos(y ) o 12+ (- 1+b) e azke f=sin(y) sn(q),

2 6 &2 6 0

?—zqi+?—2ficos<y)§

i o éf° o 1]

[ The first two equations can be combined to yield

7co||ect( ("[1] *sin(theta) + "[2]*cos(theta))/sin(psi),
[diff], sinmplify ) = 0;

2

=

f=0

N

It

: : .1 .
Hence, solutions with y = const force a constant precession, ﬁf =const. From the third

equation, we then see that % q = const aswell.
| subs( diff(phi,t,t)=0, ""[1] ):

L sol ve(", di ff(phi t)):

di ff(phi,t) ="[2];

& 0o
B E9aD)

| ﬂtf__ b cos(y )
" normal ( subs( beta = (I[xy]-1[z])/1[xy], " ) ):
1 o
q gﬂtqélz

—f =-
qt (-IXy+IZ)cos(y)

A Fast Symmetric Top with Torque Perpendicular to the
Symmetry AXis

{ Consider the first-order equations for va , Wy : Wq.

| foo := subs( F[X]=0, F[Y]=0, FirstO der CDESF[4..6] );
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f —g aﬂT—Wg— 1-b)W W, (1+b))W
o0 =GN0 ) g W4 5 (1 D) Vi - costy) W, (1+0)) W,

‘IT 5 5 Fzsin(y)
gbcos(y)W +(- 1+b)W sm(y)
It y Ixy
&l 0 2 H
sin(y)gﬁwqu((cos(y) b+1)V\/f +(-1+b)cos(y)Wq)WyE

[ foo[ 1] :
:f oo[ 3] :

foo[ 1]/ sin(psi):
foo[ 3] /sin(psi):

Let Wq be much larger in magnitude than the angular velocities va and Wy . Expanding to first
| order, we have
foo := convert( expansion( foo, [Oregal[phi], Onega[psi]], 1), diff );

gﬂ (1- b)Wqu q Fzsm(y) '
foo =& W = : W =- ——+(-1+b)W_W, sin(y ),
gnt f sin(y) 'y | q f
é Xy
1 _(-1+b)cos(y)WquH
W = . u
Tt d sin(y ) H

[ Differentiate these to yield second order ODEs.
CollectDi ffs( subs(diff(psi,t)=0rega[psi],diff(foo,t)) );

|=a
=

o} 9 2
(1+b)g g‘l]t yg g‘nt quyB (1+b)Wqu cos(y)

DD
()
|=a

W:
2y

(DD
=
N

sin(y ) sin(y ) gt

o 56 cos(y)Wy (-FZ- Wqu Ixy+Wqu IXyb)
; =
t Joo Ixy

e &
-1+Db)s W_e—
(-1+D)sin(y ) §W_ Eo

0 0 2 2 . 2
2 (1+b)005(y)g g."t +g W W = (-1+b)Wy Wq(COS(y) +sin(y )")

=

ggtzz
W = Yo et de Y

2 q sin(y )

{ sin(y )2

=

ot o w  w

Expand again, this time with the additional assumption that the magnitude of the force FZ issmall.

bar := CollectDi ffs( convert(
expansion( ", [Orega[phi],Orega[psi],F[Z]], 1), diff ) );
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g 1+b & aaTW T+ Wéw 2
oy (10§ g‘ﬂt v o' & an"Y 5
bar:=8—2V\/f=-
2
l e o & 00
ﬂtzw =(-1+b)sinly ) EW gﬂthBJer thBB
1+Db & —+ae"W9W ou
‘H_ZW _( ) oSty ) g g‘ﬂt b5 & Voo y ol
I ‘|Tt2 q sin(y ) E

[ Substitute the first-order ODEs in the right hand sides.

bar := [ seq( lhs(bar[i]) = subs( op(foo), rhs(bar[i]) ), i=1..3) ];
e
e
3
e
e
g
bar :=
g
20
&® F sin(y) o (-1+b)cos(y)W Wy H
1+b) gW 1+b WW T I
, (1+D) qg ——+ (-1+b) W W, sin(y )3+ ) :
1 P a
2 - ,
it sin(y )
2 aeWZ 1-b)W W (-1+Db W W 9 2
[ O EW D)W W (1eb)oosly) W W T2
—(-1+b)sm(y)g , : I—W =
'ﬂt2 y sin(y ) sin(y ) zﬂtz q
) 20u
& F,sin(y) ¢ (-1+b)cos(y) W W~ Ih
(-1+b)cos(y) W — *(-1+b)W W sin(y)I+ : _H
q Xy af o sin(y ) gﬁ
I sin(y ) u
[ Expanding again, we find
bar = col l ect( convert( expansion( bar, [Oregal[phi], Orega[psi],F[Z]], 1),
diff ),
[ Onegaltheta], | [xy],sin(psi)], factor );
&1 2 CL+D)W Pz 42 5 2
bar.=§—2wf=-(-1+b) W V\/f+ | ,—2W =-(-1+b)"W W_,
&t q Xy qt y y q
112 5 (1+b)cos(y)WqFZH
—ZWq:(-1+b) cos(y)Wq V\/f I H
L fit Xy u
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bar[1] := lhs(bar[1]) = pullout( rhs(bar[1]), (-1+beta)*Onega[theta] ):
bar[3] := lhs(bar[3]) = pullout( rhs(bar[3]), cos(psi)*(-1l+beta)*Orega[theta]
):
bar
g,ﬂz ® FZQ .”2 5 5
%—ZV\/f :(-1+b)Wq§-(-1+b)Wqu +I—£,—Wy =-(-1+hb) Wy Wq ,
eft xy o t
ﬂz e F_ ou
— =(-1+b)cos(y )W g(-1+b)WW-—§U
I ‘Ht2 q q q f Ixyéiﬂ
Since Wq islarge, we may assumeit is slowly varying. Hence, from the third equation we have
ﬂZ
— W_=0and therefore
2
- Tt
op( solve( subs(diff(diff(Orega[theta],t),t)=0,bar[3]), {Qrega[phi]} ) );
W, = Fz
f~W_ I (-1+b)
L q Xy
[ or,
[ simplify( ", {beta=(1[xy]-I1[z])/I1[xy]}, [beta] );
FZ
W =- ——
f W 1
qz

V\/f isaconstant. This makes the first and third equations consistent. Thus, we have a constant

retrograde precession around the Z axis. Notice that the precession frequency is independent of y,
and that it isinversely proportional to the angular momentum about the body symmetry axis. The
second equation described harmonic motion for Wy ,

" Ihs(bar[2]) - rhs(bar[2]) = O:
2 9
= 2
aPﬂ—w Ti(-1+b)°W W =0
I ﬂtz ya y ¢
[ with frequency

onmega = (1-beta)*Oregalthetal;

w=(1- b)W,

Torques due to a Pressure Applied to a Truncated Cone
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Consider atruncated cone with small and large radii a and b and cone opening anglea. Let the
center of mass reside on the (local) z axis, adistance h below the smaller flat surface (the top
| surface of the truncated cone). Then the equation for the conical surfaceis

(x"2+y~2) - ((z-h)*tan(al pha) - a)*2 = 0;

x> +y2- ((z- hytan(a) - a)°>=0

[ [atex(", d:/dynam cs/ precessi on/ ConeEquation.tex );

Conical Coordinates

Figure 2

| Transformation matrix from conical to Cartesian coordinates:

matrix( [ [sin(al pha)*cos(eta),-sin(eta), cos(al pha)*cos(eta)],
[sin(al pha)*sin(eta), cos(eta),cos(al pha)*sin(eta)],
[ -cos(al pha) , 0 ,sin(alpha)] 1 );

&in(a)cos(h) -sin(h) cos(a)cos(h)u
&sin(a)sin(h) costh) cos(a)sin(h)tl
& -cos(a) 0 sin(a) U

[CDnTocart ="
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L | at ex(ConToCart, " d:/dynam cs/ precessi on/ Coni cal ToCartesian.tex");
[ M := (a,e)->eval n(subs(al pha=a, eta=e, map(sinplify,inverse(ConToCart)))):
mat (xhat, yhat, zhat) = eval (ConToCart) &* nmat(rhohat, etahat, al phahat);

e&hatu é&in(a)cos(h) -sin(h) cos(a)cos(h)u & rhohat H
g/hatazgsin(a) sin(h) cos(h) cos(a)sin(h)u&* & etahat H
&hatt € -cos(a) 0 sin(a) U @&lphahatu

[ xyzhat := eval n{rhs(")):

[ Matrix to transform Cartesian partial derivativesto conical partial derivatives:

matrix( [ [sin(al pha)*cos(eta), sin(al pha) *sin(eta), - cos(al pha)
[-rho*sin(al pha)*sin(eta), rho*sin(al pha)*cos(eta), O

] il
[rho*cos(al pha)*cos(eta), rho*cos(al pha)*sin(eta),
rho*sin(alpha) 1 1 );

e sin(a) cos(h) sin(a)sin(h) -cos(a)u
ér sin(a)sin(h) r sin(a) cos(h) 0 H
er cos(a)cos(h) r cos(a)sin(h) r sin(a)H

[ Invert for the inverse transformation.

map( collect, inverse("), [rho], sinplify ):

mat (ddx, ddy, ddz) =" & nmt (ddrho, ddet a, ddal pha) ;
e sin(h cos(a) cos(h)u
Gin(a) cos(hy - S cosa) cos(h)y
adxy & sn(a)r f U eddrho g
e u_&. . costh)  cos(a)sin(h)} . & u
gddyld—esn(a)sn(h) : u& gddeta ¥
&ddzu & sn(a)r o 4  &dalphat
e sn(a) U
g -coya) 0 — f
€ r u

[ ddxyz := evaln(rhs(")):
[ Combine for gradient in conical coordinates.

collect( sum(ddxyz[i,1]*xyzhat[i, 1],i=1..3),
[ rhohat, et ahat, al phahat, ddr ho, ddet a, ddal pha], sinplify );

ddeta etahat N ddalpha alphahat

ddrho rhohat + ;
r sin(a) r

Radiation Pressure on the Cone in the Body Frame, Conical
Coordinates

{ Let P be the pressure vector in the fixed frame and p be the pressure in the body frame. Then
the conical coordinates representation of p is

(nai(p[rho],p[eta],p[alpha]) = Mal pha, eta) & R(phi,psi,theta) &
mat (P[X], P[Y], P[Z]);
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-

n(a)cos(h) sin(a)sin(h) -cos(a)u
& -sin(h) cos(h) 0 y&*
gcos(a) cos(h) cos(a)sin(h) sin(a) t

(DDXDDEDIDIDD

T T O

Q =>

coococcocc
I

[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) +sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,

cos(q) sin(y )]
0 gpxg
[sin(y ) sin(f),-sin(y ) cos(f ) , cos(y )] 3&* &Py !
o SPZ ¥
e u

[ | at ex(", " d:/dynam cs/ precession/ PressureBodyFrane.tex);
[ Pbody := eval m(rhs(")):
sinplify(mag("));

p2ip 2ip
I z TTx Y

e
ZC

Figure 3

Y 5

l\

‘i

| Theforceon an areaelementr sina dr dh is

dF = P*( -(1+A C]) *cos(chi)"2*al phahat
+ (1-Al Q) *cos(chi)*(phat + cos(chi)*al phahat)
) *rho*si n(al pha) *dr ho*det a

dF=P(-(1+ AC) cos(c)2 alphahat + (1 - AC) cos(c) (phat + cos(c) alphahat)) r sin(a)

drho deta
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p

a
wherecosc = - ? and A c is the albedo of the cone surface. But

-(1+Al C]) *cos(chi ) ~2*al phahat
L + (1-Al Q) *cos(chi)*(phat + cos(chi)*al phahat):

" = collect(",al phahat, factor);

- (1+AC) cos(c)2 alphahat + (1 - AC) cos(c) (phat + cos(c) alphahat) =
-2 cos(c)2 AC alphahat - (-1 +AC) cos(c) phat

cos_chi := subs( P[X]=pi[X],P[Y]=pi[VY],P[Z]=pi[Z], -Pbody[3,1] );
cos_chi :=- (cos(a) cos(h) (cos(q) cos(f ) - sin(q) cos(y ) sin(f))
+cos(a) sin(h) (-sin(q) cos(f) - cos(q) cos(y ) sin(f)) +sin(a) sin(y ) sin(f)) py - (

cos(a) cos(h) (cos(q) sin(f ) +sin(q) cos(y ) cos(f ))
+cog(a) sin(h) (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) - sin(a) sin(y ) cos(f )) p,,
I - (cos(a) cos(h) sin(q) sin(y ) + cos(a) sin(h) cos(q) sin(y ) + sin(a) cos(y )) p,,

7eval(subs(alphazPi/Z,cos_chi));

-p, Sin(f) sin(y ) - p, cos(y ) +p,, sin(y ) cos( )

Values of h for which cos ¢ is an Extremum

[collect(diff(cos_chi,eta),[sin(eta),cos(eta)]):

eta[0] = solve(",eta);
h,=-arctan((p, sin(q) cos(f ) + cos(y ) p, cos(q) sin(f ) +p, sin(q) sin(f )
- cos(y ) p,, cos(q) cos(T) - cos(a) sin(y ) p,) /" (-cosy ) py sin(q) sin(r)

+p, cos(q) cos(f ) +sin() sin(y ) p,, + p,, cos(q) sin(f ) + cos(y ) p,, Sin(a) cos(t )))

[foobar ="
sel ect (has, rhs(foobar), pi [ X]):
op(1,"):
| ocati on(foobar,"):
col lect ("", [pi [X],pi[Y],pi[Z]]):
subsop( ""=", foobar );
foobar :=":

ho=- arctan({ (cos(q) cos(y ) sin(f ) +sin(q) cos(f )) Py

+(sin(g) sin(f ) - cos(q) cos(y ) cos(f)) p,, - cos{a) sin(y ) p,) / (
(cos() cos(f ) - sin(q) cos(y ) sin(f )) p, + (cos(a) sin(f ) +sin(q) cos(y ) cos(f )) p,,
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+sin(q) sin(y ) p,))

eval (subs(theta=0, f oobar));

g, cos(y ) sin(f) - sin(y ) p,, - cos(y ) p,, cos(f ) ¢
h0=-arctan it N : :
| sin(f) py, + py, cos(f ) =
[ | at ex(cos_chi, ~d:/dynam cs/ precessi on/cos_chi.tex );
[Hence,
Fintegrand := ( (1-AlC])*cos(chi)*mat(p[rho], p[eta], p[al pha])
- 2*P*A[ C] *cos(chi)"2*mat (0,0, 1) )*rho*sin(al pha);
&® ep u 0
8 r H e Oux
Fintegrand := &(1 - Ac)cos(c)gph - 2P A~ cos(c)2§ Ogir sin(a)
gp H é 10z
eé'au [}
mat (F[rho], F[eta],F[alpha]) = Int( Int( Fintegrand, rho=f..f+S ),
eta=0..2*Pi );
2p, f+S
p . Q Q . N ..
eF u o @ & ep u 0
eruaoQ q eru é Ot
gF H—8 8 gp H 2e Uz .
& hu=o o (1-Ac)cos(c)e hu 2PACcos(c) EOH?rsm(a)dr dh
g_ U Q Q g U & 105
eF u qQ @ ep_u =+
e au 9 0@ e'au [}
0O O
o f

L [ latex(", d:/dynani cs/ precessi on/ ConeForcel ntegral .tex");

Torque Due to Radiation Pressure on the Cone Surface

[ Thetorqueis

mat (K[ rho] , K[ eta], K[ al pha]) =
Int( Int( 'cross' (mt(x,y,z),Fintegrand), rho=f..f+S ), eta=0..2*Pi );

_;
o e e g
1

(DDDIDIDIDIDID
A _XN_X
=y

8]
N EEC

p f+S

7

15 S

€
(1- AC)cos(c)g

&P

D
o

_;
O

2

cro - 2PAC cos(c) dr dh

('DK‘DI‘D!‘DI‘D\?B
o
=y
o e el e
(D(DDIDID
= O O
coCcocy

Zr sin(a)

N < X
o )
D

a

Q.l..
Q.'..|..|..|..|..|.O;

o OOO0O0OO0O0000
_, 0000000000

[ The distance vector from the center of massin conical coordinatesis
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r cone := Mal pha,eta) & mat(x,y,2z);

esin(a)cos(h) sin(a)sin(h) -cos(a)u éxu
. u,, € u
r_cone ::g -sin(h) cos(h) 0 H&* gy H
L ecos(a) cos(h) cos(a)sin(h) sn(a)u €z u
xyz := [ x=rho*sin(al pha)*cos(eta), y=rho*sin(al pha)*sin(eta),
z=h+a/ t an(al pha) -rho*cos(al pha) ];
Xyz := gx—r sin(a) cos(h),y=r sin(a) sin(h),z=h + r cos(a)g
i -t Y= T tan(a) a
r_cone := map( collect, eval n( subs( xyz, r_cone ) ), [h,a], sinplify );
e 2 u
cos(a)” a
grcos(a)h-—é( ) +rH
r_cone = §& sin(a) H
§ 0 f
€ sn(a)h+cos(a)a U

[ | at ex(mat (xyz), ~d:/dynam cs/ precessi on/ Coni cal Coordi nates.tex’);

[ | at ex(r_cone, " d:/dynam cs/ precession/r_cone.tex’);
[ Hence, the torque becomes
[ Kintegrand : = mat (cross(r_cone, Fi ntegrand)):

mat (K[ rho] , K[ eta], K[ al pha]) =
Int( Int( eval (Kintegrand), rho=f..f+S ), eta=0..2*Pi );

eK u

e ru ,2p,f+S
é uga @ @
eK u-9Q @
e hu=9 0
ekl % °

€ au 0 f

[-(sin(a)h+cos(a)a)r sin(a) (1- AC) cos(c) ph]

e
§(sin(a) h+cos(a)a)r sin(a) (1- AC) cos(c) pr

¢ h —cos(a)2a+ g ] 1-A 2PA 28
-E-COS( )h- in(a) rersin(a) ((1- Ag)cos(c)p, - c cos(c) )l
gae X cos(a)za ) g . o Hdr dh

i g -cos(a) h - —sin(a) rEr sin(a) (1- C)cos(c) th

Since the pressure components are independent of r, the integral over r can be done right
| away.
" mat (K[rho] , K[ eta], K[ al pha]) =
Int( subs( p[r]=p[rho],

mat (map(i nt, subs(p[rho]=p[r], convert (Ki ntegrand, vector)),rho)) ),
eta=0..2*pi );
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eK u 2p
e ru g

e u o

eK U=q

é hu 9

e u

ek u o

é au o0

(sin(a)h+cos(a)a)r sm(a)(l A )cos(c)ph‘

N =

%rt?r&m DA

(sn(a) h+cos(a)a) rzsin(a) (1- AC) cos(c) pr

cos(a) ag 2 u
sin(a) fa g

1 &
-sn(a) ((1- A )cos(c)p - 2PA cos(c) )% %cos(a)

§ 831
ésin(a) (1- AC)cos(c)ph §§r3+—§ cos(a) h -

CS(a) a— 2 Udh
5 ———Fr

sin(a) z 2u

[torque_cone ="

Now we will substitute for cos x and P P Py First, we make the substitutions

[ B[1] = 1/2*(sin(al pha)*h+cos(al pha)*a)*rho”2*si n(al pha)*(1-A[ C]),
B[ 2] = (1/2*(2/3*rho+(-cos(al pha)*h-cos(al pha)”2/sin(al pha)*a))*rho”2)
* sin(al pha) ];
8B 1 h+ 24 1-A
81 2(sm(a) cog(a)a)r sin(a)(1- C)’
_}a% cos(a) cos(a) a~ u
82 2§3r-cos(a)h- sn(a) B sm(a)g
[torque_coeffs ="
[sothat

mat (K[ rho], K[ eta], K[ al pha]) =
Int( mat( -B[ 1] *cos(chi)*p[eta],

B[ 1] *cos(chi)*p[rho]-B[2] *((1-A[ C])*cos(chi)*p[al pha]-2*P*A[ C] *cos(chi)”"2),

B[2]*(1-AlC])*cos(chi)*p[eta] ), eta=0..2*Pi )

N
©

-Blcos(c)ph

-

2
1cos(c)pr - BZ((l- AC)cos(c)pa- 2PAC cos(c)™)

Bz(l- AC)cos(c)ph

(DDXDXDIDDIDID
A _XN_X

Q
CD('DFD!‘D%‘DfoDfD\

ot v i
o
>

>
CCCCCCco
1
o OOOO0O0O0O0O0O0O0O0

[ tnp : ="'

 Check:

[subs( torque_coeffs, op([2,1],") ):
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L foobar :="
seq( sinmplify( foobar[i,1] - op([2,1],torque_cone)[i,1] ), i=1..3);
0,0,0
[torque_cone D=t
[ | at ex(torque_cone, " d:/dynam cs/ precessi on/ ConeTor quel nt egr al Cone. tex’);

[ Do the integral limitsfor r now.

7subs( rho”r2=(b”2-a"2)/sin(al pha)*2, rho=(b-a)/sin(al pha), torque_coeffs );
e
g . 2 2
& 1 (sin(a)h+cos(a)a) (b™- a™) (1- AC)
B, ==
gl 2 sin(a) ’
Db-a cos(a)zag 2 2 H
— - h-———=%(b"- u
, _1&sn(a) cosa)h-—gay 5 @ )lﬁ
2 2 sin(a) u

[torque_coeffs ="
[ | at ex(torque_coeffs, d:/dynam cs/precession/torque_coeffs.tex );
[ Now transform back to the body [x, y, z] frame.

mat (K[ x], K[y], K[2]) =
Int( eval (ConToCart) & mat(dK[rho], dK[eta], dK[al pha]), eta=0..2*Pi )

2p
6K U 8 &K o
§ ¥4 8 in(a)cosh) -sin(h) cos(a)cosh)y § T
€K, U=8 &sin(a)sin(h) costh) cos(a)sin(h)u&* &K, Udh
LR @) § G
6K u g € -cos(a) 0 sn(@) U &K _u
e zu 8 e au

o

mat (K[ x], K[y], K[z]) =
Int( eval m(ConToCart & op([2,1],torque_cone)), eta=0..2*Pi );

A AN
>
N
©

(DDIDDIDIDIDID
<
e e e e e g
1]
00000

A

N
o

[-sin(a) cos(h) B1 cos(c) P

- sin(h)(Blcos(c)pr - BZ((l- AC)cos(c)pa- 2PAC cos(c)z))
+ cos(a) cos(h) Bz(l- AC)cos(c)ph]

[-sin(a)sin(h)Blcos(c)ph

+cos(h)(Blcos(c)pr - BZ((l- AC)cos(c)pa- 2PAC cos(c)z))
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+cos(a)sin(h)82(1- AC)cos(c)ph]
[cos(a) Blcos(c)ph +sin(a) Bz(l- AC)cos(c)ph] dh

map( coll ect, op([2 11,"), [p[eta],sin(eta),cos(eta),B[2]], factor ):
subsop( [2, 1] );

(DDXDXDXDDXDID:

A AN

< x

~ cococcocccc
1]

OO0

N

©

A
o

N

[ -cos(a)(-1+AC)cos(c)82- sin(a)Blcos(c))cos(h)ph
+(-cos(c)(-pa+paAC+2cos(c)PAC)BZ- Blcos(c)pr)sin(h)]
[(-cos(a)(-1+AC)cos(c) BZ- sin(a)Blcos(c))sin(h)ph
+(cos(c)(-pa+pa AC+2005(C)PAC)BZ+Blcos(c)pr)cos(h)]
[(-sin(a)(-1+AC)cos(c)Bz+cos(a)Blcos(c))ph] dh

[torque_integral_xyz ="

subslist :=[ cos(chi)=cos_chi, p[rho]=Pbody[1,1], p[eta]=Pbody[2,1],
p[ al pha] =Pbody[ 3, 1] ]:

subs( subslist, op([2,1],torque_integral xyz) ):
subs( P[X] P'gx] PLYI=pi[Y], P[Z]=pi[Z], " ):

subs( P=1,
map( int, ", eta):
convert(convert( ,vector),list):
foo :=":
for ii from1l to 3 do

foo[ii] := factor( eval ( subs(eta=2*Pi,foo[ii]) - subs(eta=0,foo[ii]) )
):
od:
mat (K[ x],K[y], K[ z]) = Pi*P*mat (convert (subs(Pi =1, foo), vector));
eK u
e b

K —
eK u
e zu

[- (py sin(f ) sin(y ) - py sin(y ) cos(f ) + p,, cos(y )) (cos(a) sin(y ) p,
- COS(Y)DX cos(q) sin(f ) - pxsin(q)cos(f)- stin(q)sin(f)+cos(y)pY cos(q) cos(f ))
(cos(a) BZACsin(a)+Blcos(a)2+382005(a)sin(a)- ZBlsin(a)z)]
[(pxsin(f)sin(y)- DYSin(Y)COS(f)+pZ cos(y))(-cos(y)pxsin(q)sin(f)

Py cos(q)cos(f)+sin(q)sin(y)pz+pY cos(q)sin(f)+cos(y)stin(q)cos(f))

(cos(a) B, A_ sin(a) +B, cos(a)2+382 cos(a) sin(a) - ZBlsin(a)z)]
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L [0]
[torque_xyz ="

L [ | at ex(torque_xyz, d:/dynani cs/ precessi on/ ConeTor queBody.tex );

Torque Due to Radiation Pressure on the Flattop Surface

[ Theforceon an areaelement r drdl is

| dF = P*( -(1+A[ T])*cos(chi)”"2*zhat
+ (1-Al T])*cos(chi)*(phat + cos(chi)*zhat) )*r*dr*dl anbda

dF=P(-(1 +AT) cos(c)2 zhat + (1- AT) cos(c) (phat + cos(c) zhat)) r dr dlambda

p
where cosc = - FZ and AT isthe albedo of the flattop. But

-(1+A[ T]) *cos(chi ) ~2*zhat
+ (1-Al T])*cos(chi)*(phat + cos(chi)*zhat):
" = collect(",zhat, factor);

-(1+ AT) cos(c)2 zhat + (1- AT) cos(c) (phat + cos(c) zhat) =

-2 cos(c)2 AT zhat- (-1 +A_|_) cos( c) phat

[ Now,
7nat(P[x],P[y],P[z]) = R(phi,psi,theta) & mat(P[X],P[Y],P[Z]);

>

<
o

(DD
T U T

N

[cos(q) cos(f ) - sin(q) cos(y ) sin(f ) , cos(q) sin(f ) +sin(q) cos(y ) cos(f ) , sin(q) sin(y )]
[-sin(q) cos(f ) - cos(q) cos(y ) sin(f ) , - sin(q) sin(f ) + cos(q) cos(y ) cos(f ) ,
cos(q) sin(y )]

[sin(y ) sin(f ), -sin(y ) cos(f ) , cos(y )] &*

(DDIDEDIDIDIDID
0 T T

N < X

cococccooc

[ | atex(", " d:/dynam cs/ precession/ Fl at TopPr essur eBodyFrane. tex ) ;
[ PbodyT := eval m(rhs(")):
[ Hence,

cos_chiT := subs( P[X]=pi[X],P[Y]=pi[Y],P[Z]=pi[Z], -PbodyT[3,1] ):
cos(chi) =",

cos(c) =-p, sin(f ) sin(y ) - p, cos(y ) +p,, sin(y ) cos(f)
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The angle c for the cone surface when a = % should match this:

7eval(subs(alpha:Pi/Z,cos_chi));

-py sin(f) sin(y ) - p,, cos(y ) +p,, sin(y ) cos(f)
[ | at ex(cos_chi T, “d:/dynani cs/ precessi on/ cos_chi Fl at Top. tex );

[Theforceintegral isthen
( (1-A[T])*cos(chi)*mat (P[x],P[y],P[z])
- 2*P*A[ T] *cos(chi)"2*mat (0,0, 1) )*r:
mat (F[x],F[y],F[z]) =1Int( Int( ", r=0..a ), lanbda=0..2*Pi )

N
©
QD

[ele)s)s]s)s)sls]sla)

5
4 %

6 Ouzrdrdl
e U=
e 1luz
@

e

(1- AT)cos(c)

>
>

- 2PAT cos(c)

<

<
o e el e g

(DDIDIDIDIDIDID
M T T
(DDDDDIDIDID
T U T

N

CCCCCCoC
1]
OOO0O0O00O000O:
N

0 O

[ latex(", d:/dynani cs/ precessi on/ Fl at TopForcelntegral .tex );

JA

Figure 4

T

X y

| Thetorque due to pressure on the flattop is

mat (K[ x], K[y], K[ z]) = .
Int( Int( mat(cross( mat(r*cos(lanbda), r*sin(lanbda), h),

eval m(op([2,1,1],"))) ), ,
r=0..a ), lanbda=0..2*Pi );
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A
N <" X

N
N cccs:lflcs:cs:»

©
QD

OO0OO0000000000
o [eledisis)s)sisis)s)s)s)s]
(DDODDDDADDD

(DDDDDIDIDID
A

2.sin(1) ((1- A-) cos(c) P - 2PATcos(c)2)- hr(1- A)cos(c)P

(DD
J2

y
r(1- A) cos(c) P, - r cos(l ) ((1- A) cos(c) P - 2PATcos(c)2)

% cos(l ) (1- Ap) cos(c) P, - % sin(l ) (1- A-) cos(c) P

drdl

o o e o g

0

[ latex(", d:/dynani cs/ precession/ Fl at TopTor quel ntegral .tex );

[ Evaluating the integrals, we have

map( int, op([2,1,1],"), r=0..a);
map( int, ", lanbda=0..2*Pi );
map(factor,");
mat (K[ x],K[y],K[z]) = P*Pi*a"2*h*(1-A[ T] ) *cos(chi)*
subs( P[X]=pi[X], P[Y]=pi[Y], P[Z]=pi[Z],
a=1, h=1, Pi=1, cos(chi)=1, A T]=0,
subs( P[x]=PbodyT[ 1, 1], P[y]=PbodyT[ 2, 1],
map( factor, " ) ) ):

subs( cos(chi)=cos_chi T, " );

&L 23 gn(l p - Za3sin(I p A - Za3sin(l)P 2
gga sin(l ) cos(c) - 3a sin(l ) cos(c) -—a sin(l) ATcos(c)

z T 3
1hazcos(c)P +1ha2cos(c)P A H
2 y 2 y Tu

&2 1 a2 p - Tha? P A
g} a cos(c) X" 2 a cos(c) At

2.3 coull P +Za3 cog(l P_A
-3a cos(l ) cos(c) . 3a cos(l ) cos(c) AT

23 2
+3a cos(| )PATcos(c)

&~ 3 co(l P - 2 a3 coy(l P A =a3sin(l P
g\;}a cos(l ) cos(c) y 3a cos(l ) cos(c) y AT 3a sin(l ) cos(c) «

w  CEEC

+1 3y I P i
3a sin(l ) cos(c) xATH

7 <

2 2
ha cos(c)P p+ha cos(c)P A
OLN: S(€)P AP

hazcos(c) Pxp- h azcos(c) PXA
0

P

(D(DEDXDXDIDIDXPID
CeCCCCCC
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7

e, 2 u
gPya cos(c)hp(-1+AT)§
ghazcos(c)PXp(-1+AT)H
g s
e 0 u
eK u
s
§Ky ﬁ=Ppa h(1- Ap)(-pysin(f)sin(y) - p, cos(y) +p,, sin(y ) cos(f ))
eK u
€ zu

[- (-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) p, - (-sin(q) sin(f ) + cos(q) cos(y ) cos(f )) p,,
- cos(q) sin(y ) p, ]

[(cos(q) cos(f) - sin(q) cos(y ) sin(f)) p,, + (cos(q) sin(f ) + sin(q) cos(y ) cos(f)) p,,
+sin(q) sin(y ) p, ]

[0]

[torque_xsz ="

L [ | atex(torque_xyzT, d:/dynani cs/ precessi on/ Fl at TopTor queBody.tex );
Putting it All Together: the Equations of Motion

Fi rst Order ODESK[ 4. . 6] ;

szin(q) +cos(q) Ky

Ixy
-K sin(q) +cos(q) KX

I
Xy

(DDDIDDIDIDID

SIIﬂ()/)gﬁV\/ng:((l- b)Wq- cos(y ) W (1+b))Wy +

T, -8 2 ) o
W, =g cos(y ) W, " + (- 1+b) W, W, Zsin(y ) +

o B, 8
mwy ’sn(y)gﬂtwqé

= ((cos(y )b + 1) W, +(-1+b) cosly ) W) W,

sin(y ) K, H

e (K@) + eos(@) K ) cosly ) §

+ U

| u

L Xy u

torque_xyzT; torque_xyz; torque_coeffs;

A AN
=<

<
ot e e e

=Ppa’h(1- AJ)(-p, Sn(f) sin(y) - p., cos(y ) +p, Sn(y ) co({ ))

(DDDIDIDIDIDID

A
N

[-(-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) py, - (-sin(q) sin(f) + cos(q) cos(y ) cos(T)) p,,
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- cos(a) Sn(y ) p, ]
[(cos(q) cos(f ) - sin(q) cos(y ) Sn(f )) p, + (cos(q) sin(f ) + sin(q) cos(y ) cos(f )) p,
+sin(q) sn(y ) p, ]

[0]

(DDXDXDXDXDXDXD
A AN
< x
ccs:clsl:c:s:c:»
o
s

A
N

[- (py sin(f ) sin(y ) - py sin(y ) cos(f ) + p,, cos(y )) (cos(a) sin(y ) p,
- cos(y ) py, cos(q) sin(f) - py sin(q) cos(f ) - p, sin(q) sin(f ) + cos(y ) p,, cos(q) cos(f ))
(cos(a) BZACsin(a)+Blcos(a)2+3Bzcos(a)sin(a)- ZBlsin(a)z)]

[(py sin(f) sin(y ) - py, sin(y ) cos(f) +p, cos(y )) (- cos(y ) p,, sin(q) sin(f )

* Py, cos(q) cos(f ) +sin(q) sin(y ) p,, + p,, cos(q) sin(f ) + cos(y ) p,, sin(q) cos(f ))
(cos(a) BZACsin(a)+Blcos(a)2+3Bzcos(a)sin(a)- ZBlsin(a)z)]

[0]

(sin(a) h+cos(a) a) (b°- a2) (1- A

(DDEDIDIDIDID-
=

c)

93]
1]
N |

sin(a)

2.0

gg b-3  osa)h. Xa)az 2 2
5 _1e3sin(a) sn(a) @

2 2 sin(a)

Cone Surface Torque

[ o v

[ Deal first with the cone surface torque.

| foo := convert( rhs(torque xyz)/Pi/P, vector ):
foo :=[- (p, sin(f ) sin(y ) - p, sin(y ) cos(f ) + p., cos(y )) (cos(q) sin(y ) p,
- cos(y ) py cos(q) sin(f) - py sin(q) cos(f ) - p,, sin(q) sin(f )
+ cos(y ) py, cos(q) cos(f ))
(cos(a) BZACsin(a)+Blcos(a)2+SBzcos(a)sin(a)- ZBlsin(a)Z),

(py sin(f) sin(y ) - p, sin(y ) cos(f ) + p,, cos(y )) (- cos(y ) p, sin(q) sin(f)

* Py cos(q) cos(f) +sin(q) sin(y ) p,, + p,, cos(q) sin(f ) + cos(y ) p,, sin(q) cos( ))
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E

(cos(a) B, A sin(a) +B, cos(a)2+382 cos(a) sin(a) - 2 Blsin(a)z), 0]

foo[ 1] *sin(theta) + foo[2]*cos(theta):
subs( sin(theta)”2+cos(theta)”2=1, factor(") );

(cos(a) B, A Sn(a) +B, cos(a)2+382 cos(a) sin(a) - ZBlsin(a)Z)

(sin(f) p,, + P, cos(f ) (p sin(f) sin(y ) - p,, sin(y ) cos(f ) +p,, cos(y ))

sel ect( has, ", B[ﬂ )
loc := location("'
appl yop( collect, Ioc "t [B[1],B[2]], factor ):

K[x]*sin(theta) + K[y]*cos(theta) = Pi*P*subs( torque_coeffs, "

loc:=[1]

&
szin(q) +cos(q) Ky: p Pg

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)

2 sin(a)

§ cosayh- Za a2 2,

sn(a) @
(sn(f)pY+chos<f))(pxsn(f)s'n(y)- p, Sin(y ) cos(f ) + p,, cos(y ))

Q-H-I-1-O:

+= cos(a) (A

tmpl ="

foo[ 1] *cos(theta) - foo[2]*sin(theta):

subs( sin(theta)”2+cos(theta)”2=1, factor(") );
(py sin(f)sin(y ) - p, sin(y ) cos(f) + p., cos(y ))

(py cos(y ) Sn(f) - sin(y ) p, - cos(y ) p, cos(f ))

(cos(a) B, A_sin(a) +B cos(a)2+382cos(a)sin(a)- ZBlsin(a)Z)

sel ect( has, ", B[ﬂ )
loc := location("'
appl yop( coll ect, Ioc e [B[1],B[2]], factor ):

K[ x] *cos(theta) - Kly]*sin(theta) = Pi*P*subs( torque_coeffs, "
loc:=[3]
- K, sin(q) + cos(a) K, =p P (p, sin(f) sin(y ) - p, sin(y ) cos(f ) +p,, cos(y ))
&

(P cos(y ) Sin(f) - sin(y ) p, - cos(y ) p, cos(f))é
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. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)
2 sin(a)
% 2_0 Q
1 _b-a_ _cos(a)az 2_2i
I +2°°S(a)(Ac+3)§3 @) XNy 5P g
| [ tmp2 ="

Flattop Torque
[ Now the flattop torque.

factr := P*Pi*anr2*h*(1-A[T]) *

(-pi [ X] *si n(phi)*sin(psi)+pi[Y]*sin(psi)*cos(phi)-pi[Z]*cos(psi));

factr :=P pa2h (1- AT) (- pxsin(f )sin(y ) - pZ cos(y ) + stin(y ) cos(f))

foo := convert( rhs(torque_xyzT)/factr, vector );
foo :=[-(-sin(q) cos(f ) - cos(q) cos(y ) sin(f)) py
- (-sin(q) sin(f) + cos(q) cos(y ) cos(f)) p,, - cos(q) sin(y ) p,,
(cos(q) cos(f) - sin(q) cos(y ) sin(f)) p, + (cos(q) sin(f ) +sin(q) cos(y ) cos(f )) p,,
+sin(q) sin(y ) p,, 0]

7foo[1]*sin(theta) + foo[ 2] *cos(theta):
subs( sin(theta)”2+cos(theta)”2=1, factor(") ):
K[x]*sin(theta) + K[y]*cos(theta) = factr * "

. _ 2
szm(q) +cos(q) Ky— Ppa~h(1- AT)
(-py sin(f) sin(y ) - p, cos(y ) +p, sin(y ) cos(f ) (sin(f ) p,, + p,, cos(f))
[ tmplT (= ":
foo[ 1] *cos(theta) - foo[2]*sin(theta):

subs( sin(theta)”2+cos(theta)”2=1, factor(") ):
K[ x]*cos(theta) - K y]*sin(theta) = factr * "

. _ 2, .
- Kysm(q) +cos(q) KX— Ppa~h(1 AT)

(~py Sn(f) sin(y ) - p, cos(y ) +p, sin(y ) cos(1 )

(P, cos(y ) sin(f ) - sin(y ) p, - cos(y ) p,, cos( )

L [ tmp2T = ":

Equations of Motion

[ Fi rst Order ODESP : = copy(First O der ODEsSK)
(select( has, op(2,FirstOrderODESP[4]), K[x] );
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| ocation(FirstOrder ODEsSP[4],"):
FirstOrder ODESP[ 4] : = subsop( "=rhs(tnpl)/I1[xy]+rhs(tnmplT)/I[xy],
First O der ODESP[ 4] );

K, sin(q) + cos(q) Ky

|
Xy

&
FlrstOrderODEsP4.—sm(y)g‘”twf 5_((1 b)Wq cos(y)V\lf (1+b))Wy +pP

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a%) (1- A)

2 sin(a)

2_0
b-a cos(a)"ax 2 2
cos(a) h - —sin(a) E(b -an)

Q-HelO:

+lcos(a)(A +3)§atag -
2 C 3 sin(a)

(Sn(F) py + Py cos(1)) (py Sn(f) sin(y ) - p, Sin(y ) cos(F) +p, cos(y)) / I, +Pp
a”h (1- A7) (-p, sin(f) Sn(y ) - p, cos(y ) +p, sin(y ) cos({ ))

(Sn(t) py +py o) /1,

sel ect( has, op(2,FirstOrderODEsSP[5]), K[x] );

| ocation(FirstOrder ODESP[5],"):

FirstOrder ODESP[ 5] := subsop( "=rhs(tnmp2)/I1[xy]+rhs(tnmp2T)/I[xy],
First O der ODESP[ 5] );

-Kysin(q)+005(q) Ky

I
Xy

. 1. = 2 0.
FlrstOrderODEsPS.— 1t Wy —gb cos(y)V\/f +(-1+b)WqV\lf I-asm(y)+p P

(P, SN(T) sin(y ) - p, sin(y ) cos(f ) +p., cos(y ))

e
(p, cos(y ) Sin(f) - sin(y ) p, - cos(y ) p, cos(f))§

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)

2 sin(a)

) 0
1 3"2 b- a cos(a)zag 2 2% 2
+2005(a)(AC+3)§33in a)_ cos(a)h-—sm(a) E;(b - a )E/ IXy+Ppa h

(1- AL) (-py sin(f) sin(y ) - p, cos(y ) +py sin(y ) cos(f ))

Page 35



(py cos(y ) sin(f) - Sin(y ) p, - costy ) py costF)) /1,

sel ect( has, op(2,FirstOrderODEsSP[6]), K[x] );
| ocation(FirstOrder ODESP[ 6],"):
FirstOrder ODESP[ 6] : =
subsop( "=-(rhs(tnpl)/I[xy]+rhs(tnmplT)/I1[xy])*cos(psi),
First Order ODESP[ 6] );

sin(y ) K,

Tavp (K@) o) k) cosly)

I
Xy

_ TN W 2 ]
FlrstOrderODEsPG.—sn(y)gﬂtwqa—((cos(y) b+1)V\/f +( 1+b)cos(y)Wq)Wy

e (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)
] gpp 2 sin(a)
% 2_0 Q
1 2 b-a _ cos(a) at 2 2;
+- cos(a) (A, +3) éwn(a) cos{a) - =R a2

(n(F) py + Py cos1)) (py Sn(f ) sin(y ) - p, Sin(y ) cos(F) +p, cos(y)) / I, +Pp

a®h (1- A7) (-p, sin(f) Sn(y ) - p, cos(y ) +p, sin(y ) cos({ ))

(n(F) py + Py cos)) /1, Zcos(y)

9

[ The first-order ODES can be cleaned up a bit.
foo := FirstOrder ODEsP[ 4. . 6] ;

€
€

x
foo::§sin(y)?ﬁWf%:((l- b) W_ - cos(y ) Wy (1+b)) W, +pP§

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a) a) (b2 - a%) (1- A)

2 sin(a)

|--1-O:

1 a% b-a cos(a)zag 2 2.
+- cos(a) (A, +3) éwn(a) oos{a) -~ (b a2

H

Q

(Sn(F) py + Py cos(1)) (py Sn(f ) sin(y ) - p, Sin(y ) cos(F) +p, cos(y)) / I, +Pp

a®h (1- A7) (-p, sin(f ) Sn(y ) - p., cos(y ) +p, sin(y ) cos({ ))
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e 2 0.
(Sln(f)pY+pXCOS(f))/|Xy ﬁWy gb cos(y ) W, +(-1+b)WqVVfES'n(Y)+IOP

(p, SN() sin(y ) - p, Sin(y ) cos(f ) +p., cos(y ))

e
(P, cos(y ) sin(f ) - sin(y ) p,, - cos(y ) p, cos(f))%

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)
5 sin(a)
% 26 0
; o8 woda)’az 2 2 2
+5008(a) (A +3) £ cos(a) h- TR0 )z /1, +Ppa’h

(1- A7) (-py SN(F) sin(y ) - p, cos(y ) +py sin(y ) cos(f )

(p, cos(y ) sin(f) - sin(y ) p, - COS(y)PYCOS(f))/'xy’s‘”(y)g'nt 05

& o
((cos(y)2b+1)V\/]c +(-1+b)cos(y)Wq)Wy - gpPg

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a%) (1- A)
2 sin(a)
) 6
h cos(a)zag b2 25
+> cos(a)(A § cos{a) - = (b a2

(sin(f) p,, + Py cos(f)) (pxsn(f )sin(y) - p, Sn(y ) cos(f) +p, cosy)) / I, +Pp

a®h (1- A7) (-p, sin(f ) Sn(y ) - p, cos(y ) +p, sin(y ) cos({ ))

Q

:
(n(f) py +pycos()) /1, Zoos(y )

[ Select the main geometrical factor, which we will see is common to all three equations.

select _G := proc( expr )
sel ect( has, expr, b-a):
while has(",pi[X]) do

select( has, ", b-a)
od:
L end:
Gl := select_E rhs(FirstOrderODESP[4]) ):
& := select_@E rhs(FirstOderODESP[5]) ):

L G := select_@ rhs(FirstOderODEsSP[6]) ):

simplify(Gl-&3);
simplify(Gl- @);
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L 0
7Iocation( foo[ 1], Gl )
| ocation( foo[2], &)
| ocation( foo[3], &G )
[2,2,3]
[2,2,5]
L [2,2,21,3]

I dCl(a, b, h,al pha, ACl) = Pi*P/I[xy] *Gl;
x

GC(a, b, h, a, AC) =pP g

. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)

2 sin(a)
% 2_0 Q
1 b - = =
+> cosa) (A +3) o - cos(a) - T Ea(n?. a)s / y

L 3 sin(a) sin(a) o [}
7G[T](a,h,A[T]) = Pi*P/I[xy]*anr2*h*(1-A[ T]);

2
pPa h(1-AT)

GT(a, h,AT)= |
L Xy
[ Gsubs :=["","]:

foo[1l] := subs( Gl=F (] (a, b, h,al pha, AC)/Pi/P*I[xy],

1-A[T]=F Tl (a, h, AAT])/Pi/P*I[xy]/hlar2, foo[l] ):
foo[2] := subs( &=F (] (a,b, h,al pha, AC)/Pi/P*I[xy],

1I-AlT]=F Tl (a,h, AL T])/Pi/P*I[xy]/hlar2, foo[2] ):
foo[3] := subs( GB=F (] (a,b, h,al pha, AC)/Pi/P*I[xy],
L 1I-A[T]=F Tl (a, h, AL T])/Pi/P*I[xy]/hlar2, foo[3] ):

f oo;

PN
gsn(y)gﬂtwfg—((l- b)Wq- cos(y)V\/]c (1+b))Wy +Gc(a, b,h,a,Ac)
(sin(f) py, + Py cos(f)) (p, sin(f) sin(y ) - p, sin(y ) cos(f ) + p,, cos(y )) +

G (a,h,A) (-, sin(f ) sin(y ) - p, cos(y ) +p,, sin(y ) cos({ ))

i i 2 0 .
(SN(F) p, + Py cos(F)), 3 W, = b cos(y ) W, #(-1+b) W, W Zsin(y )+

(p, SN(f) sin(y ) - p,, Sin(y ) cos(f ) + p, cos(y ))

(px cos(y ) sin(f) - sin(y) pZ - cos(y) pY cos(f)) GC(a, b, h, a, AC) + G_I_(a, h, AT)
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(~py sin(f ) sin(y ) - p, cos(y ) +p,, sin(y ) cos({ ))

(P, cos(y ) Sin(f) - sin(y ) p, - cos(y ) p, cos(f)),snm?ﬁwq%

((cos(y)2b +1)va +(-1+b)cos(y)Wq)Wy - (Gc(a, b, h,a,AC)
(sin(f) py, + Py cos()) (py sin(f) sin(y ) - p, sin(y ) cos(f) +p,, cos(y )) +
G(a,h,A) (-py sn(f) sin(y ) - p, cos(y ) +p, sin(y ) cos(f )

(sn(f ) py + Py cos(1))) cos(y )

sel ect K := proc( expr )
sel ect( has, expr, A[T] ):
while has(",J(C]) do

select( has, ", AT] );
od;
L end:
gl := select _K( rhs(foo[1]) )/FT](a,h,AIT]);
g2 := select_K( rhs(foo[2]) )/ T](a, h,ALT]);
g3 := select_K( rhs(foo[3]) )/ T](a, h,AT]);

g1:=(-py sin(f) sin(y ) - p, cos(y ) +p,, sin(y ) cos(f)) (sin(f ) p,, +p, cos(f))
92:=(-py sin(f ) sin(y ) - p, cos(y ) +p,, sin(y ) cos(f))

(py cos(y ) sin(f) - sin(y ) p, - cos(y ) p,, cos(f))

93:=(-py sin(f) sin(y ) - p, cos(y ) +p,, sin(y ) cos(f)) (sin(f ) p,, +p, cos(f))

sinplify(gl-g3);

0
| gsubs := [ g[1](phi, psi)=gL, g[2](phi,psi)=g2, g[3](phi,psi)=g3 ]:

Ksubs :=1]:
for ii froml to 3 do

renove( has, rhs(foo[ii]), beta );

Kii :=factor("/g.ii*g[ii](phi,psi));

print( Kii] =" );

Ksubs := [op(Ksubs), K[ii](a,b,h,alpha, AAC,AT],phi,psi) =" 1;
od:

K =(-Gc(a b ha AL)+Gr(ah AL)) g, (f,y)

Ky=(-Go(a,b,ha,AL) +Gr(a h AL)) g(f,y)

I K3 =-(- GC(a, b, h, a, AC) + GT(a, h, AT)) cos(y) g3(f YY)

(forii froml to 3 do
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foo[ii] :=lhs(foo[ii]) = select( has, rhs(foo[ii]), beta ) +
K[ii](a, b, h,al pha, AiC], A T], phi, psi);
L od:
[Hence,
7nat(foo);
gsin( )M—WQ—((l b)W_ - cos(y)W. (1+b))W +K_(a,b,h,a,A.,A_f )ﬂ
eyg‘ﬂtfa_ q yf yl""C’T"yu
W "Eﬁ; W, 2 1+b)W W, % K b,h,a,A_,A_,f ;
gﬁ y—g cos(y ) f +(-1+b) q fasm(y)"' 2(8-1 N, a, cr ,Y)H
Ssm(y)g."t qg
u
I ((cos(y) b+1)Wf+(-1+b)cos(y)Wq)Wy+K3(a,b,h,a,AC,AT,f,y)H
[Check:
7forii from1l to 3 do
simplify( FirstOrderODEsP[ii+3] -
subs(op(Ksubs), op(gsubs), op(Gsubs),foo[ii]) );
od;
0=0
0=0
L 0=0
[ So the first order ODEs can be written
7FirstC)derCDEs ;= copy(FirstOrder ODESP)
for ii from1l to 3 do
FirstOrderODES[ii+3] := foolii];
od:
mat (Fi rst Or der ODES) ;
£ -w
&t fu
&1y -w i
e‘l]ty_ yu
e u
S =V
€ . & 0 u
gsm(y) ﬁw T=((1- b)W - cos(y)W (1+b))W +K (a,b,h,a,AC,A ,f,y)ﬂ
glw ot W2+ 1+bWW + K b, h, AAf
BV, =@ oSy )W+ (- 1+ D)W W 2 Zain(y ) + K (a. b, h,a, A, y)u
e &l 0
i — W ==
Esin(y ) i a5
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((cos(y)2b + 1)V\/f +(-1+b) cos(y)Wq)Wy + K3(a, b, h, a,AC,AT,f,y)ﬁ

[Where

mat ( Ksubs) ;

mat (gsubs) ;

mat ( Gsubs) ;
S Kl(a,b,h,a,ACA f,y)=(-G (a b,h,a, A )+G (ah A ))g (f y) H
€ _ u
g( K(a,b,h,aAC _I_f,y) (G(abhaA)+G(ahA))gZ(fy) ﬁ
g 3(a b,h,a, AC AT,f,y)— (- GC(a b, h, a, AC)+G (a,h, A ))cos(y)g3(f y)u

[9,(f,y) = (-, sin(f) sin(y ) - p, cos(y ) +p,, sin(y ) cos(f )) (sin(f ) p,, + p, cos(F )

]
[9,(f,y) = (-, sin(f) sin(y ) - p, cos(y ) +p, sin(y ) cos({ ))

(P cos(y ) Sn(f) - sin(y ) p, - cos(y ) p,, cos(f ))]
[95(f.y) = (-p, sin(f) sin(y ) - p, cos(y ) +p, sin(y ) cos(f )) (Sn(f ) p,, +p, cos(1 )
]

g’ &
e
gGC(a, b,h,a,AC):pPg
. (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a2) (1- A)
2 sin(a)
2 R
1 2 b-a os(a) 2 + u
+y (@) (Ag+3) é?;si - eosla)h- @ z( )z/ "
g pPa’h(L- A )ﬁ
€6, (a.h Ap) = | d
g Xy N

| at ex(mat (FirstOrder ODES), " d:/dynam cs/ precession/ FirstOrder ODEs. tex );
| at ex(mat (Ksubs), " d: /dynam cs/ precessi on/ K subs.tex );
| at ex(mat (gsubs), " d:/dynam cs/ precessi on/ gsubs.tex’);
| L latex(mat(Gsubs), d:/dynam cs/precession/ G subs.tex );

Substitutions for Computer Code
[ Fi rst Or der ODEs;

ev 1 1
gﬁf_wf’ﬂt =W y' (it =W

: & 0
sn(y)gﬁwfgz((l- b)Wq- cos(y)V\/f (1+b))Wy +K1(a, b,h,a, A AT,f,y),

C1
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1 e 2 9
ﬂtwy =gb cos(y ) W, +(-1+b)quvf =sin(y ) + Ky(a b, h,a, AL AL TLY),

. & 0
sn(y)gﬁw T=
((cos(y)zb +1)Wf +(-1+b)cos(y)Wq)Wy +K3(a, b,h,a,AC,AT,f,y)E

subslist := [cos(al pha)=cal pha, sin(al pha)=sal pha, cos(phi)=cphi
si n( phi) =sphi
cos(psi)=cpsi, sin(psi)=spsi, pi[X =pX pi[Y]=pY, pil[Z]=pZ
di ff (Onegal[ phi],t)=phiddot, diff(Orega[psi],t)=psiddot,
di ff(Onegal[theta],t)=thetaddot,
Onegal phi ] =phi dot, Omegal psi ] =psi dot,
Onegal t het a] =t het adot ,
L Al C] =AC, A[T]=AT ]:

subs( subslist, FirstOrderODEs[4..6] );

[
spsi phiddot = ((1 - b) thetadot - cpsi phidot (1 + b)) psidot + Kl(a, b, h,a, AC, AT, f,y)
, psiddot = (b cpsi phidot2 + (- 1+ b) thetadot phidot) spsi + Kz(a, b, h,a, AC, AT, f,y),
spsi thetaddot =

((cpsi2 b + 1) phidot + (- 1 + b) cpsi thetadot) psidot + K3(a, b, h,a, AC, AT, f,y)]

subs( subslist, Ksubs );
[Kl(a, b, h, a, AC, AT,f,y)=(-GC(a, b,h,a,AC)+GT(a,h,AT))g1(f,y),
K2(a, b,h,a,AC,AT,f,y)z(-GC(a, b, h,a,AC)+GT(a,h,AT))gz(f,y),
Kg(a, b,h,a,AC,AT,f,y)z-(-GC(a, b,h,a,AC)+GT(a, h, AT)) cpsi g3(f,y)]
7subs( subslist, gsubs );
[gl(f .Y ) = (- pXsphi spsi - pZ cpsi + pY spsi cphi) (sphi pY + pX cphi),
gz(f,y)z(-px sphi spsi - pZ cpsi + pY spsi cphi) (pX cpsi sphi - spsi pZ - cpsi pY cphi),
93(f Y ) = (- pX sphi spsi - pZ cpsi + pY spsi cphi) (sphi pY + pX cphi)]

subs( subslist, Gsubs );

8 &
€G.(a,b,h,a,AC) =p P§
€
2 2 2 2
1 (calpha™ - 2salpha™) (salpha h + calphaa) (b™- a”) (1- AC)
2 salpha

Page 42



2 0
+ X calpha (AC + 3 hhm_ 2_/|
2cap a( )% calpha salpha g( )= Xy’

u
_pPa h(1- AT)u
GT(a,h,AT)— E

I
L L Xy

Fast Spin Approximation

Assume Wq islarge. Then

| subslist := [ op(Ksubs), op(gsubs), diff(phi,t)=0Oregalphi],
di ff(psi,t)=0rega[ psi],

L-dC(a, b, h,alpha, AC)+d T](a, h, A T])=Ga, b, h,al pha, AC,A T])]:
[explist .= [ Onegal phi], Orega[ psi], & a, b, h,al pha, AC,A T])]:

d2list := ] diff(QOrega[theta],t,t)=D2theta, diff(Orega[phi],t,t)=D2phi,
L di ff(Onega[psi],t,t)=D2psi ]:

subs( subsli st,

convert( diff( subs(subslist, subs(subslist, FirstO derODES[4..6])),
L), diff ) ):

convert( expansion( ", explist, 1), diff );
e 2 0
gsin(y)gn—z W E=(1- b)?w EW o+ (1- b)wg 2
g it P it do It yg
2 . y
LV &0 _ 9
ﬂtzwy —(-1+b)g‘”thES|n(y)V\/]c +( 1+b)Wq EﬂtV\’m‘E;S”(y)'
w By o, .
cos(y ) W, €W, = sn(y)g1It2 e
o

& 0 &l
(-1+b)cos(y)gﬁw gw +(-1+b)cos(y)quﬁW =

EH
do Yy y oy

[ latex(mat ("), " d:/dynam cs/ precessi on/ Fast Eqsl.tex );
[ foo :="

[ Substitute the first-order ODEs into the rhs, expanding and simplifying, to get

subs( d2list, foo ):
subs( diff(Orega[theta],t)=sol ve(FirstO derODES[6],diff(Orega[theta],t)),
di ff(Onega[psi],t)=rhs(FirstO derODEs[5]),
di ff (Onregal[ phi],t)=sol ve(FirstO der ODEs[ 4], di ff(Orega[phi],t)),

subs(subslist,"):

subs(subslist,"):

convert (expansion(",explist,1),diff):

i nvsubs( d2list, " ):

foox := collect( ", [Oregalpsi], Orega[phi]], factor ):
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mat (f oox) ;

e 2 0
€ 2 2., 2.
ésn(y)%ﬂtzwfj—-(-1+b) Wq sm(y)V\/f +(-1+b)WqG(a,b,h,a,AC,AT)

(py Sn(f) sin(y ) - p,, sin(y ) cos(f ) + p, cos(y ))

0
(py cos(y ) sin(f ) - Sin(y )., - cos(y ) p, cos(f )}
u
6.2
&1 = (c1+0)2W W - (-1+b)W G(a.b h a A A)
g."tzy q vy q 7 CT
B
(pysin(f)sin(y ) - py, sin(y ) Gos(f) +p, cos(y )) (sin(f) p, + p, cos(1))
u
g 2 0 2
esin(y ) & W i=('1+b)ZCOS(Y)W sin(ly )W, - (-1+b)cos(y ) W
g w 9% q f q

G(a, b, h,a, AC’ AT) (px sin(f)sin(y) - pY sin(y ) cos(f ) + pZ cos(y))
u

(Py cOs(y ) SN(f) - sin(y ) p, - cos(y ) p,, cos(1 )
u

[ | atex(", " d:/dynami cs/ precessi on/ Fast Eqs2.tex );
Since Wq islarge, we may assume it isslowly varying. Hence, in the third equation we set

112
— W_ =0 and therefore
2 q
- it
i sol ate(rhs(foox[3]), Orega[ phi]);

V\/f =G(a, b, h, a, AC’ AT) (px sin(f)sin(y) - pY sin(y ) cos(f ) + pZ cos(y))

(py costy ) Sn(f ) - sin(y ) p,, - cos{y ) p,, cos(1)) / ((-1+b) W, sin(y))

[ latex(", d:/dynani cs/ precessi on/ OregaPhi 1.tex ) ;

Assume Py and p, are small. Then

expansion(",[pi[X],pi[Y]],1):
collect( ", [(Ha,b,h,alpha, AC,A[T]),pi[Z]], factor );

, ..

g p, costy)  (sin(y)- cos(y)) (sin(y ) + cos(y )) (Sin(f ) py - cos(f) p, ) p,, &

W, =& . : 5

f (-1+b)Wq (-1+b)qum(y) p
G(a, b, h,a, AC, AT)
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L latex(", d:/dynam cs/precessi on/ OregaPhi 2. tex");

[ Written out fully, we have

i nvsubs(subslist,"):
subs(Gsubs, subslist,");

w, =& : .
f (-1+b)Wq (-1+b)qum(y)
2 (cos(a)?- 2sin(a)?) (sin(a) h +cos(a)a) (b2 - a%) (1- A)
" PPE sin(a)
1 a% b-a os(a)
+- cos(a)(A +3) Ssn(a)-cos(a)h sn(a) g ) /Ixy
pPa’h(1- A )2
+ z
Ixy P

[ | atex(", " d:/dynami cs/ precessi on/ OnegaPhi 3.tex");
Precession Null

Numerical

[ We can determine the approximate angles a at which the precession is zero.

foo := select(has,rhs("), P);
e (cos(a)?- 2sin(a)?) (sin(a) h +cos(a) a) (b2 - a2) (1- A)
foo :=- pPg— :
2 sin(a)
= 0
1 2 b-a os(a) 2 +
+Zcos(a) (AC+3) §3 sin(a) - cos(a)h- sin(a) z( )+/ IXY

2
pPa h(l-AT)

* |
i Xy

Col l ect( foo*l[xy]/Pi/P*sin(al pha)/(b”r2-a*2), [1-AIC,61-AT]],
);

sin(a)ah (1- A

g(_cos(a)2+23in(a)2)(sin(a)h+cos(a)a)(1- Ac)- (a- b)(a+h)

+écos(a) (AC +3)(2a- 2b+3cos(a) hsin(a) +3009(a)2 a)

[ l atex("=0, "d:/dynani cs/ precessi on/ Precessi onNul | Eq. tex );
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L Gunc := fn(",al pha,a, b, h,AIC,AT]):

pl ot set up( pl ot devi ce=j peg,
pl ot out put =" d: / dynamni cs/ precessi on/ Precessi onNul | . j pg,
pl ot opti ons="hei ght =768, wi dt h=1024" );
pl := plot( {Gunc(al pha*Pi/180,1,3,1,0.9,0.8),0}, al pha=20.. 160,
axes=normal ):
p1;
resetplot();
pl;
pl ot ( {Gunc(al pha*Pi/180, 1, 3,1,0.9,0.8),0}, alpha=85..90,
axes=normal );

0.5]

0220 40 60 8 4 phéOO 120 140 160
-0.5+

0.12

0.1
0.08
0.06
0.04
0.02

-0.03
-0.04
-0.06
-0.08

5 86 87 88 89 90
apha

7fso|ve( G unc(al pha*Pi/180,1,3,1,0.9,0.8), alpha, 85..95);

87.02065404

Analytic

bar := Gunc(al pha,a,b,h, A{C],AT]);
bar = = 2 20,
ar.—2(-cos(a) +2sin(a)”) (sin(a)h+cos(a)a) (1- AC)

sin(a)a’h (1- A

(a- b)(a+b)
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+écos(a) (AC +3)(2a- 2b+3cos(a) hsin(a) +3003(a)2 a)

The exact solutions of this equation are arctangents of sixth-order polynomials — not
apretty sight. Let usinstead try an iterative approach. We see that thereis at

minimum one useful solution, near a =%. Try asolution of the form
a —% X et X, e Plugging into the equation, we find

col I ect ( expansi on( subs( al pha=Pi/2+x[ 1] *epsi | on+x[ 2] *epsi | on"2, bar
), epsilon, 2),

[epsilon,x[1],AlC]], factor );

age 2.2 0
ggshA G o N (2a+b) Az~ x, (22~ b)e”
— - =X - X a -X a- e
2'C 2 (a-b)(a+b) g1 32

0

2
h(-b’+a A7)

&2 1 0 0
+g6-a+—-b=A_- 2a+b=x_ e- hA_+
ggS 3 gC o1l C (a-hb)(a+bh)

[foo ="

i sol ate( subs(epsilon”2=0,epsilon=1,"), x[1] ):
collect(",[h,AIC]],sinplify);
subslist :=["]:

x 2 o]
'b +a AT:

o (a b)(a+b);ah
17 2
3

i sol ate( subs(subslist, coeff(foo,epsilon,2)), x[2] );

A

—b A -2a+hb

2

& 2. .2 Oee 2. .2 @
5 1h(-b +a AT)Z -b"+a AT T
~hA_.- = A - —————— =
2 "C 2 (a-b)(a+b) 28 C (a-b)(a+b)p

X.=-
2 &2 +1bQA 2 +b(.'j28a 2a+b)A 2 +b'.

—a+—h=A_-2a+bx g-(2a -2a+b=
ggS 3 gC zES( ) C [}

[ subslist := [op(subslist),"]:

| at ex(subslist[1], d:/dynani cs/precession/PrecessionNull_x1.tex );
L I atex(subslist[2], d:/dynam cs/precession/PrecessionNull_ x2.tex");

[ Hence, we have, to second order, the result
( alpha = Pi/2 + rhs(subslist[1]) + rhs(subslist[2]);
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& -b2+a2A 9

T +
Ac- T oeaih
(a b)(a+b)z
a_
P
a+ b A -2a+b
3
e 2 Oz W22 @
§hA 1h(-b +a AT)EEA b™+a AT D,
2 "C 2 (a-b)(a+b) 88 C (a-b)(a+b)o
o0

+1b©A 2 +b628a(2 +b)A_ -2 +b'
—a+_bxA_ - 2a+b=x g-(2a -2a+hbh=
gg3 3 gC 2} g3 C 2
eval f (subs(a=1, b=3, h=1, Al C] =0. 9, A{| T] =0. 8, ") *180/ Pi ) ;

57.29577950 a = 87.03565960
eval f (subs(a=1, b=3, h=1, Al C] =0. 9, A T] =0. 8, subsl i st)*180/ Pi ) ;

[57.29577950 x 1~ -2.864788976, 57.29577950 X5 = -.09955141688]

restart;

alias( 1=l ):

read " d:/dynam cs/ precessi on/ precessi on. eqs :

alias( psi=psi(t), theta=theta(t), phi=phi(t),
Orega[ x] =Orega[ x] (t), Omega[y]=Orega[y](t), Onrega[z]=Omegalz](t),
Onega[ phi ] =Onrega[ phi] (t), Ovegal psi]=0regalpsi](t),
Onegalt het a] =Onegal[theta] (t) ):

L M:= (a,e)->eval n(subs(al pha=a, eta=e, map(sinplify,inverse(ConToCart)))):

save EulerEqgs, r1, r2, r3, R Obody, BodyEgs, Syniop,
First Order ODEsSK, FirstOrder ODEsF, FFSyniop, KE,
ConToCart, M Pbody, cos _chi, xyz, r_cone, Fintegrand, Kintegrand,
torque_coeffs, torque_cone, torque_integral xyz, torque_xyz,
PbodyT, cos_chi T, torque_xyzT, FirstOrder ODESP,
Ksubs, Gsubs, gsubs, FirstO der ODEs,

L “d: /dynami cs/ precessi on/ precessi on. eqs’;

# Lagrangian Approach — Force-Free Motion
[
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